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We consider the sub-gap physics of a hybrid double-quantum dot Cooper-pair splitter with large
single-level spacings, in the presence of tunnelling between the dots and finite Coulomb intra- and
inter-dot Coulomb repulsion. In the limit of a large superconducting gap, we treat the coupling of the
dots to the superconductor exactly. We employ a generalized master-equation method which easily
yields currents, noise and cross-correlators. In particular, for finite inter- and intra-dot Coulomb
interaction, we investigate how the transport properties are determined by the interplay between
local and nonlocal tunneling processes between the superconductor and the dots. We examine the
effect of inter-dot tunneling on the particle-hole symmetry of the currents with and without spin-
orbit interaction. We show that spin-orbit interaction in combination with finite Coulomb energy
opens the possibility to control the nonlocal entanglement and its symmetry (singlet/triplet). We
demonstrate that the generation of nonlocal entanglement can be achieved even without any direct
nonlocal coupling to the superconducting lead.
PACS numbers: 73.23.Hk, 74.45.+c, 03.67.Bg
I. INTRODUCTION
Recent developments in quantum technologies1–3 have
shown an enormous potential for applications. Quan-
tum key distributions in quantum cryptography4 have
became almost a standard technology. This progress was
mainly realized in optical systems. In order to enable
the full potential of quantum technologies, spintronics5
and topotronics,6 in solid state systems, it is crucial
to be able to generate entangled states. A promising
route to entanglement generation is offered by hybrid
superconducting nanostructures. This type of system
has very reach physics. For example, the possibility
to emulate topological superconductors in low dimen-
sions with, possibly, the creation of Majorana bound
states has clearly shown a revolutionary potential.7–10
The enormous advancement in the production and con-
trol of nanotubes and nanowires11,12 opened up the pos-
sibility to couple nanosystems, in a very controlled way,
to superconductors13–15 taking advantage of their prop-
erties such as the spin-orbit (SO) interaction. Quan-
tum phase transitions and anomalous current-phase re-
lations have been studied in hybrid semiconductor-
superconductor devices.16–20 SO interaction in the pres-
ence of superconducting correlations may lead to the gen-
eration of triplet ordering in nanowires21 or quantum
wells.22
Superconductors are a natural source of electron-
singlets (Cooper-pairs) which may provide nonlocal
entangled electrons when split.5,23–26 Semiconductor-
superconductor-hybrid devices have been the object of
experimental studies investigating signatures of nonlocal
transport in charge currents and cross-correlations.27–29
Cooper-pair splitting has also been investigated
in Josephson junctions.30,31 Spin entanglement32,33
and electron transport34–38 in hybrid systems have
been theoretically studied using full counting statis-
tics (FCS)37,39–44. Further studies have investigated
the effects of external magnetic fields45 and thermal
gradients46,47 on Cooper-pair splitting. Quantum dots
increase the efficiency of Cooper-pair splitting since suffi-
ciently large intradot Coulomb interaction suppresses lo-
cal Cooper-pair tunneling.25,28,32,45,48 Alternatively, the
efficiency can be improved using spin-filtering as in spin
valves.49,50 Typically all these systems are investigated
assuming a very strong on-site Coulomb interaction. In
the present paper, we consider the possibility of a weak
Coulomb interaction which complicates the analysis as it
introduces additional transport channels. We find that
this is not necessarily a limitation in the creation of non-
local entanglement, instead it offers a different route to
achieve nonlocal entanglement.
The model studied in this paper is a Cooper-pair split-
ter based on a double quantum dot (DQD) circuit that
is tunnel coupled to one superconductor and to two nor-
mal leads, see Fig 1. This is an extension of the model
studied by Eldridge et al., Ref. 51, to finite interdot tun-
neling and SO interaction. In this work, we investigate
the effect of both local and nonlocal Cooper-pair tunnel-
ing on the current and conductance in the presence of
finite Coulomb energies. Finally, we will discuss how in-
terdot tunneling with or without SO interaction affects
the generation of nonlocal entanglement.
This work is organized as follows. In section II we
introduce the model and the formalism employed for our
calculations. In Section III we provide an overview of the
transport properties in the absence of inter-dot tunneling.
The effect of interdot tunneling and SO interaction is
discussed in section IV . Finally, section V is devoted to
conclusions.
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FIG. 1. Double quantum dot circuit coupled to a s-wave
superconductor acting as a Cooper-pair splitter. Electron-
singlets nonlocally injected by the superconductor (S) into the
double quantum dot can leave the system through opposite
normal leads (N). Hence this system can be operated as a
source of nonlocal entangled electron pairs.
II. MODEL AND MASTER-EQUATION
A. Model of the hybrid double quantum-dot
system
The system under consideration, depicted schemati-
cally in Fig. 1, consists of two quantum dots tunnel cou-
pled to a common s-wave superconductor and each in-
dividually to a separate normal lead.25,28 The double-
quantum-dot (DQD) system is modelled by the Hamil-
tonian
HDQD =
∑
α,σ
αnασ +
∑
α
Uαnα↑nα↓ + U
∑
σ,σ′
nLσnRσ′
+
( t
2
∑
σ
esgn(σ)iφd†LσdRσ + H.c.
)
, (1)
where α = L,R labels the left and right dot, respec-
tively, and σ =↑, ↓ denotes the spin. The orbital levels
α are spin degenerate, and Uα and U denote the intra-
and interdot Coulomb interaction, respectively. We de-
fine the number operator nασ = d
†
ασdασ, where dασ is
the annihilation operator for an electron with spin σ in
dot α. The last term in Eq. (1) describes interdot tun-
neling through a barrier with SO coupling.37 The phase
φ is the phase acquired by a spin-up electron when tun-
neling from the right dot to the left one and it can be
expressed as φ ≡ kSOl 6= 0 where the SO strength is mea-
sured in terms of the wave number kSO, l is the interdot
distance. Here, we used the convention sgn(↑) = +1 and
sgn(↓) = −1.52 The SO coupling may become relevant for
InAs53,54 and InSb55,56 nanowire devices where one finds
values of 1/kSO of typically 50-300 nm which are compa-
rable to the typical distance between the two dots in these
nanodevices. The model Hamiltonian, Eq. (1), gives
an accurate description of the system when the single-
particle level spacings in the dots are large compared to
the other energy scales. In this limit, for kBT  Uα,
at most 4 electrons can occupy the double-quantum-dot
system.
The normal leads (η = L,R) are modeled as fermionic
baths while the superconducting lead (η = S) is de-
scribed by the mean-field s-wave BCS Hamiltonian,
Hη =
∑
kσ
ηkc
†
ηkσcηkσ−δη,S∆
∑
k
(
cη−k↓cηk↑+H.c.
)
. (2)
Here, cηkσ (c
†
ηkσ) are the fermionic annihilation (cre-
ation) operators of the leads and ηk are corresponding
single-particle energies. Without loss of generality the
pair potential in the superconductor, ∆, is chosen to be
real and positive. For convenience, we choose the chem-
ical potential of the superconductor to be zero and use
it as reference for the chemical potentials of the normal
leads.
The quantum dots are coupled to the normal leads and
the superconductor via the Hamiltonian, HDQD-leads =∑
ηαH
tunnel
ηα , where the coupling of dot α with lead
η = L,R, S is described by the standard tunneling Hamil-
tonian
Htunnelηα =
∑
kσ
(
Vηαc
†
ηkσdασ + H.c.
)
. (3)
Here, VLR = VRL = 0 since the left (right) dot is not di-
rectly coupled to the right (left) lead. The effective tun-
neling rates are Γηα = (2pi/~)|Vηα|2ρη where the density
of states ρη in lead η is assumed to be energy independent
in the energy window relevant for the transport. For a
better readability we introduce ΓNα ≡ Γαα to emphasize
the coupling to the normal leads with a subscript N .
As we are interested in Cooper-pair splitting and in
general sub-gap transport, we assume the superconduct-
ing gap to be the largest energy scale in the system. In
this limit the quasi-particles in the superconductor are
inaccessible and the superconducting lead can be traced
out exactly.57–59 Thus, the system dynamics reduces to
the effective Hamiltonian33,51,60
HS = HDQD −
∑
α=L,R
ΓSα
2
(
d†α,↑d
†
α,↓ + H.c.
)
− ΓS
2
(
d†R,↑d
†
L,↓ − d†R,↓d†L,↑ + H.c.
) (4)
where ΓS describes the nonlocal proximity effect. This
nonlocal coupling decays with the interdot distance l,
as ΓS ∼
√
ΓSLΓSRe
−l/ξ, with ξ being the coherence
length of the Cooper-pairs.32 So, only values 0 ≤ ΓS ≤√
ΓSLΓSR are physically admissible. The second term
describes the local Andreev reflection (LAR) processes
where Cooper pairs tunnel locally from the superconduc-
tor to dot α. The last term describes cross-Andreev re-
flection (CAR), that is a nonlocal Cooper-pair tunneling
process where Cooper-pairs split into the two dots. Due
to CAR, electrons leaving the system through opposite
normal leads are potentially entangled. On the contrary,
the LAR process does not contribute to the nonlocal en-
tanglement production. The LAR process is usually at-
tenuated by large intradot couplings, Uα.
Albeit the effective Hamiltonian, Eq. (4), no longer
preserves the total particle number for the double-dot
3system it still preserves the parity of the total occupa-
tion,
∑
ασ nασ. A decomposition, HS = H
even
S ⊕ HoddS ,
of the system Hamiltonian into an even and an odd
parity sector is provided in Appendix A. In conclusion
the Hilbert space for the proximized double-dot system
has the dimension 16. A generalization to include more
charge states, to treat for instance smaller level spacings
or higher temperatures, is straightforward and can be
treated within the master-equation approach presented
below. Lowest order corrections in 1/∆ can be also in-
cluded in the system Hamiltonian according to Ref. 61.
In the following, we consider the case of the quantum
dots weakly coupled to the normal leads in comparison
to the superconducting one, ΓSα  ΓNα′ . In this limit
quantum transport is mainly characterized by the transi-
tions between the eigenstates of HS , the Andreev bound
states.51,60 Those tunneling events with the normal leads
either add a single charge to the DQD or remove one
from it and, thus, change the parity of the DQD.
B. Master-equation and transport coefficients
We calculate the stationary transport properties, such
as the current and the conductance, by means of the
master-equation formalism using standard FCS tech-
niques. All the relevant transport properties can be re-
lated to the Taylor coefficients of the cumulant generating
function62–66 and obtained in an iterative scheme.67,68
In this work, we limit our analysis to the current and
the differential conductance, however, also higher cumu-
lants, such as noise and cross-correlations, can be easily
obtained.
Here, we consider the regime ΓNα  kBT , for which
the tunnel couplings to the normal leads can be treated
in first order. The tunnel couplings to the supercon-
ductor, the charging energies, and the interdot tunnel-
ing are treated exactly within the model under con-
sideration. This leads to the master-equation P˙a =∑
a′
(
wa←a′Pa′ −wa′←aPa
)
for the occupation probabil-
ities Pa of the eigenstates |a〉 of the system Hamiltonian,
where wa←a′ are Fermi golden rule rates. The tunneling
rates for the tunneling-in contribution read
wασ,ina←a′(χ) = e
−iχαΓNαfα(Ea − Ea′)|〈a|d†ασ|a′〉|2. (5)
Here, Ea and |a〉 refer to the eigenenergies and the eigen-
states of HS , and fα() = {1 + exp[( − µα)/kBT ]}−1
denotes the Fermi function of normal lead α with chemi-
cal potential µα and temperature T . We only attach
62,64
counting variables to the normal leads, χ = (χL, χR).
The stationary current through the superconductor IS ,
can be easily expressed in terms of the currents through
the left and right leads, IS = −IL − IR. The tunneling-
out contribution can be obtained from the substitution
{d†ασ, fα(), χα} → {dασ, f¯α(−),−χα}, where f¯α() =
1 − fα(). Summation over the spin and lead indices
yields the full rates wa←a′ =
∑
ασ(w
ασ,in
a←a′ + w
ασ,out
a←a′ ).
Single electron tunneling changes the parity of the sys-
tem. So, the only transitions that occur are between the
eigenstates |ei〉 of HS with even occupation number and
those with odd occupation numbers, |oj〉. Here, the in-
|0〉 empty state
|S〉 = 1√
2
(
d†R↑d
†
L↓ − d†R↓d†L↑
)|0〉 singlet state
|dα〉 = d†α↑d†α↓|0〉 doubly occupied states
|dd〉 = d†R↑d†R↓d†L↑d†L↓|0〉 quadruply occupied state
|T0〉 = 1√
2
(
d†R↑d
†
L↓ + d
†
R↓d
†
L↑
)|0〉 unpolarized triplet state
|Tσ〉 = d†Rσd†Lσ|0〉 polarized triplet states
|ασ〉 = d†ασ|0〉 singly occupied states
|tασ〉 = d†ασd†α¯↑d†α¯↓|0〉 triply occupied states
TABLE I. Choice of the system basis, subdivided into states
with even parity (top cell) and states with odd parity (bottom
cell). Note that the indices α and σ in |ασ〉 and |tασ〉 refer
to the singly-occupied unpaired electron.
dices i, j = 1 . . . 8 label the eigenstates of the even and
odd parity sector, respectively. We can write the eigen-
states of the even sector in the basis of Table I,
|ei〉 = ei,0|0〉+ ei,S |S〉+
∑
α
ei,dα|dα〉
+ei,dd|dd〉+ ei,T0|T0〉+
∑
σ
ei,Tσ|Tσ〉.
(6)
Similarly the eigenstates of the odd sector can be ex-
pressed as
|oj〉 =
∑
ασ
(
oj,ασ|ασ〉+ oj,tασ|tασ〉
)
. (7)
Finally we can evaluate the matrix elements of the
fermionic operators, 〈oj |d(†)ασ|ei〉, and therewith express
the transitions from the state |ei〉 to the state |oj〉 as
woj←ei =
∑
ασ
ΓNαf¯α(Eei − Eoj )eiχα
∣∣∣o∗j,ασ¯ei,dα + o∗j,tασ¯ei,dd
+
1√
2
o∗j,α¯σ¯(ei,S − ασei,T0)− ασo∗j,α¯σei,Tσ
∣∣∣2
+
∑
ασ
ΓNαfα(Eoj − Eei)e−iχα
∣∣∣o∗j,ασei,0 + o∗j,tασei,dα¯
− 1√
2
o∗j,tα¯σ(ei,S + ασei,T0)− ασo∗j,tα¯σ¯ei,T σ¯
∣∣∣2,
(8)
with the coefficients ei,a = 〈a|ei〉 and oj,a = 〈a|oj〉 and
Eei (Eoj ) the eigenenergy corresponding to |ei〉 (|oj〉).
The bar on the indices indicates their complement, i.e.
L¯ = R, ↑¯ =↓ and so forth. The rate for the inverse
transition wei←oj follows straightforwardly.
From the cumulant generating function, Z(χ,µ) =
limt→∞ ∂∂t ln trP (χ,µ), we can obtain the stationary
current Iα = ∂Z/∂iχα|χ=0 in the normal lead α = L,R
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FIG. 2. (a) Current IR through the right lead as a function of the dots’ level positions  ≡ L = R, and the chemical potential
µ ≡ µL = µR, where the solid lines indicate the condition under which the chemical potential is equal to the Andreev addition
energies. Parameters are ΓS = ΓSα = 7.5 10
−2UC , t = U = 0, and kBT = 2.5 10−3UC , and ΓNα = 2.5 10−4UC . (b) Current
IR as a function of the dots’ level positions  ≡ L = R at constant µ = −UC for intermediate nonlocal coupling ΓS = ΓSα/3
(dashed line), and maximal nonlocal coupling ΓS = ΓSα (solid line). The value µ = −UC is indicated in panel (a) by a dotted
line. The arrow indicates the transition |tασ〉 → |0〉. (c) Differential conductance GS ≡ dIS/dV at constant  = −0.625UC
for ΓSα = 10kBT = 0.125UC , normalized by its maximum G
max
S at constant  = −UC/2. (d) Occupation probabilities as a
function of the level position for µ = −UC and maximal nonlocal coupling ΓS = ΓSα.
and the corresponding differential conductance Gα,β =
−∂2Z/∂iχα∂µβ |χ=0. Both the current67,68 and the
conductance66 can be calculated in the usual iterative
scheme.
III. TRANSPORT IN ABSENCE OF INTERDOT
TUNNELING
In this section, we give an overview of how the local
and nonlocal proximization affects quantum transport in
absence of interdot tunneling. In particular, we start dis-
cussing the two limits ΓSα  U and U & ΓSα. Both lim-
its feature a resonant current originating from the CAR
process. The former case of weak interdot Coulomb en-
ergy is typically realized in experiments.25 The limit of
strong interdot Coulomb energy additionally permits to
study resonant currents which are entirely characterized
by LAR. Throughout this work, we consider identical
quantum dots, i.e. UL = UR ≡ UC , ΓSL = ΓSR ≡ ΓSα,
and ΓN ≡ ΓNL = ΓNR. We limit to the case of equal
orbital levels in the two quantum dots,  ≡ L=R, and
equal chemical potentials µ ≡ µL=µR.
A. Weak interdot Coulomb energy, U ≈ 0
In Fig. 2(a), we show a density plot of the current in the
right lead IR(, µ) as a function of the dots’ level , which
can be tuned by gate voltages, and the chemical potential
µ of the normal leads. We notice that the current in the
normal leads obeys the symmetry Iα(, µ) = −Iα(20 −
,−µ) with 0 = −(UC/2+U). This symmetry is due the
particle-hole (PH) symmetry of the Hamiltonian Eq. (4)
in the absence of interdot tunneling.
We focus on the situation µ < 0 which corresponds to
the transport of Cooper pairs from the superconductor
to the double-dot system. Two resonances can be seen in
Fig. 2(a): one at  = CAR = −U/2 that is caused only
by CAR and another at  = 0 which originates from
both CAR and LAR. The current is asymmetrical with
respect to the chemical potentials µ. The bias asymme-
try of the CAR peak is due to the triplet blockade: for
µ > 0 tunneling of electrons from the leads can bring the
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FIG. 3. (a) Current IR through the right lead as a function of the gate voltage  ≡ L = R, and the chemical potential
µ ≡ µL = µR for finite U = 0.25 UC and ΓS = ΓSα/3. Other parameters are as in Fig. 2. (b) Corresponding slices at constant
µ = −(UC +U)/2 (dashed line), and µ = −UC (solid line). The slice at µ = −(UC +U)/2 is indicated in panel (a) by a dotted
line. (c) Current IR at constant µ = −(UC + U)/2 for various values of ΓS . (d) Corresponding population probabilities as a
function of the gate voltage  at fixed µ = −UC .
double-dot in a triplet state whose spin symmetry is in-
compatible with the BCS superconductor, hence blocking
the CAR.51
Along the level position axis, the CAR resonance is
centered at CAR and its broadening is
√
2ΓS . This can
be seen in panel (b) of Fig. (2), which shows the cur-
rent at constant µ = −UC for two different values of the
nonlocal coupling: ΓS =
√
ΓSLΓSR/3 (dashed line) and
ΓS =
√
ΓSLΓSR (solid line). The CAR broadening is
proportional to the nonlocal coupling ΓS but its height
does not depend on it. The CAR resonance instead fol-
lows the singlet population, i.e. ~ICARR /e0ΓNR ≈ 2PS , as
can be seen in panel (d). The states involved in the CAR
process are |0〉, |ασ〉, |S〉 and in fact one only observes the
corresponding populations, P0 +
∑
ασ Pασ +PS ≈ 1. On
the contrary, the resonance at  = −UC/2 is mainly due
to the LAR, but involves also CAR as indicated by the
non-vanishing singlet population at the LAR resonance
[see panel (d)].
We will discuss now that strong superconducting cou-
pling may also generate negative differential conductance
(NDC) when single electron tunneling events with the
normal leads are accompanied by a simultaneous ex-
change of a Cooper-pair. For instance if one of the dots
is doubly occupied, while the other is singly occupied, it
can occur that an electron leaves the system through a
normal-metal lead and the two remaining electrons tun-
nel (locally or nonlocally) to the superconductor. If the
process is energetically admissible the total current is re-
duced instead of increased by the opening of the new
resonance and NDC is observed.
This is indeed observed in panel (c) of Fig. 2 having
defined the conductance as GS ≡ dIS/dV . We show GS
as function of the chemical potential, for a fixed level po-
sition  = 0−0.125UC . The differential conductance be-
comes negative around µ ≈ 3+UC (leftmost peak). This
extra resonance corresponds energetically to the transi-
tion from the triply occupied states to the empty state,
|tασ〉 → |0〉, where two electrons tunnel in the super-
conductor and the remaining electron tunnels in one of
the normal leads. This involves only the exchange of a
nonlocal Cooper pair and is no longer present in the ab-
sence of nonlocal coupling [dot-dashed line in panel (c) of
Fig. 2]. In order to increase the visibility of the NDC we
have chosen a stronger nonlocal coupling ΓS (by increas-
ing ΓSα) to obtain a higher peak value and slightly higher
temperatures to increase the linewidth of this resonance
in comparison to other figures.
6B. Finite interdot Coulomb energy, U & ΓSα
For finite interdot Coulomb energy the LAR domi-
nated resonance in Fig. 2(a) splits into two resonances
at gate voltages LAR = −UC/2 and 0 = LAR − U as
can be seen in panel (a) of Fig. 3. The former current
resonance is purely affected by LAR involving the states
|0〉, |ασ〉, |dα〉. In fact, in panel 3(d) one observes that
only the corresponding populations are non vanishing,
i.e. P0 +
∑
ασ Pασ +
∑
α Pdα ≈ 1 and that the current
is proportional the population of the doubly occupied
state, ~ILARR /e0ΓNR ≈ 4PdR. We still observe the asym-
metry of the nonlocal-current resonances in the chemical
potential due to the triplet blockade. Additionally, one
notices an asymmetry of the LAR resonances, which can
be explained partly by the triplet blockade mechanism
and partly by energy considerations.
The central resonance at 0 = LAR − U is affected
both by the LAR and the CAR processes. For an inter-
mediate value of the chemical potentials [see dashed line
in panel (b) of Fig. (3)] its width is roughly proportional
to
√
ΓSLΓSR − ΓS and vanishes if ΓS becomes maximal.
In panel (c) we demonstrate the effect of the nonlocal
Cooper-pair tunneling on the current resonances, for an
intermediate value of the chemical potentials and for dif-
ferent values of the nonlocal coupling ΓS . The dashed
line corresponds to the dashed line in panel (b). When
ΓS approaches its maximum, the width of the central res-
onance (left peak) tends to zero while its height remains
unaffected. We suspect that the behavior of the width of
this central resonance is due to the mutual exclusion of
the local Cooper-pair tunneling process and the nonlocal
one, and originates from a destructive interference of the
two channels (see also later). On the contrary, if both
processes were independent, the linewidth would be the
sum of both contributions. In conclusion this regime of
finite interdot Coulomb energy can be helpful to assess
the strength of the nonlocal coupling ΓS in comparison
to the local terms.
IV. INFLUENCE OF INTERDOT TUNNELING
AND SPIN-ORBIT INTERACTION
In this section, we consider the effect of finite inter-
dot tunneling and SO interaction on the current IR. For
the sake of simplicity we consider in the following only
the case φ = 0 (no SO coupling) and φ = ±pi/2 (fi-
nite SO coupling with kSOl = pi/2). Let us first focus
on the general behavior of the current as a function of
the level position and chemical potential as shown in the
density plots of Fig. 4. For simplicity we consider the
case without interdot Coulomb energy, U = 0, which de-
scribes well the situation of ΓSα  U . Finally, in order
to see stronger signatures of the interdot tunneling term
we generally consider UC  t ΓS ,ΓSα.
In the top panel we show the case of finite interdot
tunneling in the absence of SO coupling, i.e. φ = 0,
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FIG. 4. (a) Current IR through the right lead as a function
of the gate voltage  = L = R and chemical potential µ =
µR = µL for finite interdot tunneling with t = 0.4UC and the
SO angle φ = 0. Other parameters are U = 0, ΓS = ΓSα =
7.5 10−2UC , ΓNα = 2.5 10−4UC and kBT = 2.5 10−3UC . (b)
Current IR for the same parameters as in panel (a) but for
finite SO interaction with an SO angle of φ = ±pi/2.
which can be directly compared with the density plot
of Fig. 2(a) where the interdot tunneling was absent.
One immediately sees that the Andreev resonant lines
(black solid lines) are generally split in comparison to
the case without interdot tunneling, giving rise to an
even richer Andreev-bound-state spectrum. The most
general observation is that the PH symmetry of the trans-
port properties, as discussed in section III, is broken, i.e.
Iα(, µ) 6= −Iα(20− ,−µ) with 0 = −(UC/2+U). The
breaking of the PH symmetry in transport is observed if
both the quantities ΓS ,ΓSα 6= 0. On the other hand if
one of these quantities vanishes the PH symmetry is re-
stored. We discuss PH-symmetry breaking in more detail
in Sec. IV A.
In the bottom panel of Figure 4, instead, we show how
the current is affected by tunneling in the presence of
the SO coupling, for the case φ = ±pi/2. We see that
in this case the PH symmetry is again restored for any
value of of ΓS and ΓSα. Note that the Andreev addition
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FIG. 5. (a)-(c) Current IR in the CAR resonance as a function of the gate voltage for different values of the tunneling amplitude,
τ¯ = 8|t|/UC , for the nonlocal term ΓS/
√
ΓSRΓSL = 1 [panel (a)], 1/3 [panel (b)], 0 [panel (c)] and other parameters as in
Fig. 2. The solid lines correspond to t/UC > 0 while the dashed lines in panel (b) correspond to t/UC < 0. (d) Gate position
at the maximum of the CAR resonance, CAR, as a function of the scaling variable τ = t/UC for the different values of the
nonlocal term considered in the panels (a)-(c). (e)-(f) CAR resonance linewidth wCAR as a function of the scaling variable |τ |
[τ > 0 for (e) and τ < 0 for (f)] for the different values of the nonlocal term considered in the panels (a)-(c); the solid and
dotted lines in panel (d)-(f) are the theoretical predictions in the simplified model discussed in the main text.
energies spectrum becomes also quite intricate and it is
not so useful to enter in the details of the behavior of
any resonant line. In general one can see that in com-
parison to the top panel crossings and avoided crossings
occur between different pairs of Andreev levels. This is
a natural consequence of the different symmetry of the
tunnel coupling between the two dots in the two cases.
Finally, for ΓS ,ΓSα 6= 0, the CAR peaks are split along
the level-position axis and an extra resonance appears.
We will discuss in detail the nature of this extra reso-
nance in Sec. IV B
A. Interdot tunneling and breaking of PH
To investigate the PH symmetry breaking, we apply
the PH transformation dασ → d†α−σ to Eq. (4). It is easy
to check that indeed this transformation leaves obviously
unaffected the local and nonlocal pairing terms but is
equivalent to a change of sign of the interdot tunneling
term, i.e. t → −t. Therefore, the symmetry obeyed by
the current is Iα(, µ, t) → −Iα(20 − ,−µ,−t) which
we have numerically verified. Notice that the sign of t in
the tunneling Hamiltonian cannot be gauged away only
if both the local and nonlocal pairing terms are present in
Eq. (4). Finally, we notice that for |φ| = pi/2 the sign of t
is unessential due to Kramer’s degeneracy and therefore
the PH symmetry is restored in this special case.
It remains the question why the sign and more gener-
ally a phase of t is detectable in the transport properties
of the system. This is essentially due to the interference
between two paths connecting the empty state with the
singlet state. One path is the nonlocal Andreev tunnel-
ing with rate ΓS while the other is the process where a
Cooper-pair virtually tunnels into one of the dots bring-
ing it in the doubly occupied state and subsequently this
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FIG. 6. Effective level structure at the CAR resonance. Finite
interdot tunneling (φ = 0) leads to a level repulsion between
the symmetric state |d+〉 = (|dR〉+ |dL〉)/√2 and the singlet
state |S〉, see Eq. (9). SO interaction (φ = pi/2) leads instead
to a level repulsion between the unpolarized triplet state |T0〉
and the symmetric state |d+〉. The symmetric state, virtually
occupied by local Cooper-pair tunneling, plays the role of a
dark state.
state is converted into a singlet state by interdot tunnel-
ing. The interference between the two paths is clearly
affected by the phase (not only the sign) of t. In order to
observe this interference effect the doubly occupied state
of a single dot needs to be accessible. We have verified
that, for UC → ∞, an overall phase of t does not affect
the transport properties of the system.
B. Weak interdot Coulomb energy, ΓSα  U
We focus on the effect of the interdot tunneling on the
CAR resonance. In Fig. 5 (a)-(c) we show the evolution
of the CAR current peak for different values of |t| for
φ = 0. For increasing strength of the interdot tunnel-
ing, the position of the CAR resonance shifts to the right
and at the same time the resonance linewidth changes.
The peak shift is δCAR/UC ≈ (1/2)(t/UC)2 for t UC .
This is shown in the panel Fig. 5(d) where the position
of the CAR peak maximum max is plotted as a func-
tion of τ = t/UC . For different values of the nonlocal
coupling ΓS [different point styles in panel (d)] the peak
position follows the same universal function of τ (solid
line). Instead the linewidths, shown in Fig. 5(e)-(f), ex-
hibit quite different behaviors depending on the value of
ΓS , the strength of t and also its sign.
These observations can be explained by making use of
a reduced Hilbert space which describes well the system
in the vicinity of the CAR resonance. This simplified
model is sketched in Fig. 6. The relevant states for the
CAR resonance are the empty state |0〉, the singlet state
|S〉, and the singly occupied states |ασ〉. The states in
the even sector |0〉 and |S〉 are connected via the nonlocal
term ΓS , and they are connected to the singly occupied
states |ασ〉 via the tunneling rate to the normal lead,
ΓN . In the absence of interdot tunneling the CAR reso-
nance linewidth is only determined by the nonlocal term
ΓS , see section III. However, for finite intradot Coulomb
energy in the presence of local terms ΓSα and strong in-
terdot tunneling t (with φ = 0), we need to consider also
another possibility: when the quantum-dots are in the
empty state a Cooper pair can be virtually transferred
by means of the local term ΓSα in the doubly occupied
state |dα〉 which is converted to the singlet state via the
interdot tunneling. One can see in Eq. (A1) that the tun-
neling amplitude (t/
√
2) cos(φ) couples the |dα〉 states
with the singlet state |S〉. We will quantitatively show
that the interference of this alternative channel with the
standard nonlocal process fully determines the observed
behavior of the CAR peak.
When ΓS  t, the peak shift can be understood in
terms of the level repulsion of the singlet state with the
doubly occupied state. We first note that the inter-
dot coupling removes the degeneracy of the double oc-
cupancies and yields the states |d±〉 = (|dR〉±|dL〉)/√2.
Only the symmetric state |d+〉 is affected by the level re-
pulsion with |S〉. In this model the hybridized states
|±〉 ≈ α|S〉 ± β|d+〉 with α, β c-numbers have the
energies69
±
UC
=
1 + 4/UC ±
√
1 + 4τ2
2
, (9)
where τ = t/UC . The position of the CAR resonance is
the solution of equation −(CAR) = 0, the resonance
condition between |−〉 and the empty state |0〉. The
peak position is CAR = (
√
1 + 4τ2 − 1)UC/4, which fits
well the shifting of the peak position [see solid line in
Fig. 5(d)]. In the limit UC → ∞ (τ → 0) the doubly
occupied states are unaccessible, even virtually, and the
transport becomes independent of the interdot tunneling.
Finite interdot tunneling also modifies the linewidth
of the CAR peak as can be seen in Fig. 5(a)-(c) and
more clearly in Fig. 5(e)-(f) where we show the linewidth
wCAR of the CAR resonance. For ΓS =
√
ΓSLΓSR (black
circles) the width is roughly proportional to the nonlocal
coupling while for ΓS = 0 (red triangles) it increases with
τ . Intriguingly, for an intermediate value of ΓS (blue
small circles) and τ > 0, the linewidth almost vanishes
for a specific value of τ [see Fig. 5(e)]. This behavior is
not seen for τ < 0 [see Fig. 5(f)].
We can explain these results by making use again of
the simplified model shown in Fig. 6. In the absence of
the interdot tunneling the linewidth of the CAR peak
is only determined by the strength of the coupling be-
tween the empty state |0〉 and the singlet state |S〉. Es-
sentially, it is given by the off-diagonal matrix element
wCAR ≈ 2|〈0|HS |S〉| =
√
2ΓS . Any additional process
that contributes to that coupling between |0〉 and |S〉,
also through a virtual high energy state, will affect the
linewidth. This correction may be obtained considering
the effective Hamiltonian HS = H0 + V , which repre-
sents the model shown in Fig. 6, with H0 =
∑
iEi|i〉〈i|−
(ΓS/
√
2)(|0〉〈S|+ |S〉〈0|) for i = 0, S, d+, d− and the per-
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FIG. 7. Current IR in the CAR resonance as a function of the
gate voltage for different values of the tunneling amplitude,
τ¯ = 8|t|/UC , φ = ±pi/2 for ΓS = ΓSα/3 (solid line) and
ΓS = 0 (dashed line) keeping fixed the UC . Other parameters
as in Fig. 5.
turbation V =
[
t|d+〉〈S|−(ΓSα/
√
2)|d+〉〈0|+H.c.]. Cal-
culating the off-diagonal matrix element up second order
in the perturbation, O(V 3), yields70
〈0|HS |S〉 = 〈0|H0|S〉+ 〈0|V |d+〉〈d+ |V |S〉
E
(0)
S − E(0)d+
(10)
with E
(0)
S − E(0)d+ = −UC . We find for the linewidth
wCAR ≈
√
2|ΓS−ΓSατ |. This estimation of the linewidth
is indicated by dotted lines in Fig. 5(e)-(f). It turns
out to be a quite good approximation for τ ≪ 1 but
it worsens for increasing ΓS (see for example the black
case ΓS =
√
ΓSLΓSR). A better approximation, however,
is obtained by the substitution E
(0)
S −E(0)d+ → − − + =
−UC
√
1 + 4τ2 which includes the energy renormalization
effects induced by the level repulsion discussed before.
Therefore, the linewidth can be approximated by
wCAR ≈
√
2
∣∣∣∣∣ΓS − ΓSατ√1 + 4τ2
∣∣∣∣∣ (11)
which fits (solid lines) well the numerical results based
on the full Hamiltonian, see Fig. 5(e)-(f). Interestingly
Eq. (11) explains also why for positive (negative) sign
of t the linewidth can decrease (increase) due to destruc-
tive (constructive) interference. This is seen comparing
the results for ΓS = 0.2
√
ΓSLΓSR in panel (e) and (f) of
Fig. 5. Finally, one intriguing consequence of the virtual-
state process involving the state |d+〉 is that it generates
nonlocal entangled electrons even in the absence of a di-
rect nonlocal coupling.
We now turn our attention to the case with the SO
coupling and φ = ±pi/2. We see in panel (b) of Fig. 4
that the CAR resonance splits into two lines, one at  ≈ 0
and the other shifted towards higher values of . In Fig. 7
we show the behavior of the CAR peak with increasing
values of t for constant values of UC and ΓS . First we
notice that for ΓS = 0 (dashed lines) the CAR peak does
not split but it shifts to the right for increasing values
of τ and no resonance is present at  ≈ 0. Instead, for
ΓS 6= 0, the resonance splits into two resonances, one
fixed at  ≈ 0 and the other right-shifted with δrs/UC ≈
(1/2)(t/UC)
2. This demonstrates the connection with
the nonlocal term ΓS of the CAR peak at  ≈ 0.
We numerically observed that the current of the right-
shifted peak follows the population of the unpolarized
triplet state, ~IrsR /e0ΓNR ≈ 2PT0. These observations
suggest that a resonant mechanism involving the virtual
occupation of the |d+〉 is established with the unpolar-
ized triplet state |T0〉, as depicted schematically in Fig. 6.
This mechanism is analogous to the one induced by the
nonlocal singlet proximity in the case of interdot cou-
pling where φ = 0. We refer to this resonance as triplet
CAR resonance, since it generates nonlocal entanglement
with triplet symmetry. The position and linewidth of
this right-shifted resonance are described by Eq. (9) and
Eq. (11) setting ΓS = 0, respectively. This is a conse-
quence of the fact that a s-wave superconductor cannot
induce directly triplet correlations. This shows how the
presence of SO coupling can nevertheless induce nonlocal
triplet superconducting correlations even when the only
superconducting lead has s-wave pairing symmetry.21,22
V. CONCLUSIONS
We have presented a comprehensive study of a Cooper-
pair splitter based on a double-quantum dot. Employ-
ing a master-equation description, in the framework of
FCS, we have calculated the current injected into the
normal leads. We have considered a finite intra-dot in-
teraction which allows the local transfer of Cooper-pairs
from the superconductor to an individual quantum dot.
We have studied the signatures of local and nonlocal An-
dreev reflection in the current injected in the normal
leads. The interdot Coulomb interaction separates the
local and nonlocal resonances. The effect of interdot tun-
neling both with and without SO coupling has been con-
sidered, too. In particular, we find that the interdot tun-
neling can induce nonlocal entanglement starting from
local Andreev reflection. Furthermore, a process includ-
ing the virtual doubly-occupied states of the individual
dots leads to modifications of the position and linewidth
of the current resonances. For the case with SO cou-
pling, we find that a nonlocal triplet pair amplitude can
be generated in the system. This mechanism involving
the virtual occupation of the doubly occupied states is
active only for finite intradot Coulomb interaction.
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Appendix A: Matrix representation of the system
Hamiltonian
In this section we provide the decomposition of the
system Hamiltonian HS = H
even
S ⊕HoddS into sectors with
even and odd parity. We assume the single particle level
spacing in the quantum dot to be large compared to U ,
Uα and the interdot tunneling t, so the total dimension
of the system Hilbert space reduces to 16 states (8 even
+ 8 odd). Here, we express Eq. (4) in the even sector
basis {|0〉, |S〉, |dL〉, |dR〉, |dd〉, |T0〉, |T ↑〉, |T ↓〉} stated in
table I. The Hamiltonian for the even charge sector reads
HevenS =
0 − 1√
2
ΓS − 12 ΓSL − 12 ΓSR 0 0 0 0
− 1√
2
ΓS L + R + U
t√
2
cos(φ) t√
2
cos(φ) + 1√
2
ΓS 0 0 0
− 1
2
ΓSL
t√
2
cos(φ) 2L + UL 0 − 12 ΓSR i t√2 sin(φ) 0 0
− 1
2
ΓSR
t√
2
cos(φ) 0 2R + UR − 12 ΓSL i t√2 sin(φ) 0 0
0 + 1√
2
ΓS − 12 ΓSR − 12 ΓSL 2(R + L) + UR + UL + 4U 0 0 0
0 0 −i t√
2
sin(φ) −i t√
2
sin(φ) 0 L + R + U 0 0
0 0 0 0 0 0 L + R + U 0
0 0 0 0 0 0 0 L + R + U

.
(A1)
Note that the interdot tunneling preserves the spin of the tunneling electrons (being time reversal invariant) and the
total parity of the DQD. In absence of the SO interaction, φ = 0, all triplet states |Ti〉 are completely decoupled from
the other even parity states. When φ 6= pik, where k integer, the unpolarized triplet state |T0〉 couples with the doubly
occupied states |dα〉. The Hamiltonian for the odd charge sector, in the basis {|R↑〉, |R↓〉, |L↑〉, |L↓〉, |tR↑〉, |tR↓〉, |tL↑〉,
|tL↓〉}, is given by
HoddS =

R 0
t
2e
−iφ 0 − 12ΓSL 0 + 12ΓS 0
0 R 0
t
2e
+iφ 0 − 12ΓSL 0 + 12ΓS
t
2e
+iφ 0 L 0 +
1
2ΓS 0 − 12ΓSR 0
0 t2e
−iφ 0 L 0 + 12ΓS 0 − 12ΓSR
− 12ΓSL 0 + 12ΓS 0 EtR↑ 0 − t2e−iφ 0
0 − 12ΓSL 0 + 12ΓS 0 EtR↓ 0 − t2e+iφ
+ 12ΓS 0 − 12ΓSR 0 − t2e+iφ 0 EtL↑ 0
0 + 12ΓS 0 − 12ΓSR 0 − t2e−iφ 0 EtL↓

, (A2)
where Etασ = 2α¯ + Uα¯ + α + 2U with α = R,L (α¯ = L,R) and σ =↑, ↓.
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